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Abstract 
 
This work details the estimation of the secondary nucleation kinetics of paracetamol in ethanol 
solutions for cooling crystallisation processes, by means of isothermal under-seeded batch 
experiments. A numerical model, incorporating the population balance equation and the method of 
moments, has been developed to describe the seeding process for a typical cooling crystallisation 
process, accounting for the primary and secondary nucleation and subsequent crystal growth. 
Primary nucleation and growth kinetics have been previously evaluated from induction time 
experiments, and isothermal seeded batch experiments, respectively, allowing the secondary 
nucleation rate to be evaluated for a wide range of experimental conditions. The experimental 
technique involved the utilisation of two in-situ Process Analytical Techniques (PAT), with an 
Focused Beam Reflectance Measurement (FBRM®) utilised to qualitatively indicate the occurrence 
of secondary nucleation and an Attenuated Total Reflectance - Fourier Transform Infrared (ATR-
FTIR) probe employed for the online monitoring of solute concentration. Initial Particle Size 
Distributions (PSD) were used in conjunction with desupersaturation profiles to determine the 
secondary nucleation rate as a function of supersaturation, temperature and crystal surface area. 
Furthermore, the effects of agitation rate on the secondary nucleation rate were also investigated. 
Experimental parameters were compared to the model simulation, with the accuracy of the 
estimated secondary nucleation kinetics validated by means of the final product PSD and solute 
concentration. 
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1. Introduction 
 
Batch cooling crystallisation is widely employed in the production of pharmaceutical drugs, often 
representing a key step in the separation, purification and recovery of high quality crystals. In the 
development of numerical models to describe crystallisation processes, the determination of the 
process kinetics of a solution system is vitally important. The crystallisation process is mainly 
composed of two separate steps, namely nucleation and subsequent growth of these solute nuclei, 
with the relative magnitudes of these competing processes for the consumption of supersaturation, 
determining the crystal size, distribution and yield of the final product. Primary nucleation and 
growth kinetics have been previously evaluated for the paracetamol and ethanol solution system, 
using metastable zone width (MSZW) and induction time experiments (Mitchell and Frawley, 2010; 
Mitchell et al., 2011a), and from isothermal seeded growth experiments (Mitchell et al., 2011b), 
respectively. However, in most industrial crystallisers secondary nucleation is the dominant 
mechanism responsible for the formation of new nuclei. Secondary nucleation occurs due to the 
prior presence of crystals in a supersaturated solution, with the parent crystals serving as catalysts 
for the nucleation of further crystals. In the pharmaceutical sector there has been move towards 
continuous processing of products, especially continuous crystallisation. Understanding the seeding 
process and the mechanism of secondary nucleation will be crucial to the successful operation of 
continuous crystallisers.   
  
Several theories or mechanisms are proposed to describe secondary nucleation, which belong to two 
distinct categories, one were the origin of the secondary nuclei is traced back to the parent crystal 
such as initial, needle and collision breeding. Secondary nucleation can also originate due to the 
solute being in the liquid state, such mechanisms include nucleation due to fluid shear and impurity 
concentration gradient nucleation (Myerson, 2002). The most significant source of secondary nuclei 
is attributed to contact nucleation, resulting from three types of contact, crystal-crystal, crystal-
impeller/stirrer, and crystal-vessel wall/internals (Myerson, 2002; Tavare, 1995; Randolph and 
Larson, 1988; Garside et al., 2002). In each contact some fracture and attrition may occur, but the 
most important factor in contact nucleation is the removal of the adsorbed layer of solute molecules 
from the growing crystal surface (Randolph and Larson, 1988; Myerson, 2002).  
 
Two contrasting approaches can be found in the literature for the evaluation of secondary nucleation 
kinetics for a given solution system. The first and older approach is through the measurement of 
metastable zone width (MSZW) and induction times for nucleation in the presence of seed crystals 
The presence of seed particles in solution is known to decrease the measured MSZW's and 
induction times, when compared to unseeded solutions (Nỳvlt, 1968; Nỳvlt et al., 1970; Kubota, 
2010). Another more recent approach involves the simultaneous evaluation of secondary nucleation 
and other process kinetics, such as growth rate kinetics, from the experimental data of seeded batch 
experiments (Worlitschek, 2003) and for polymorphic transformations (Schöll et al., 2006) . In this 
paper a novel approach was employed to evaluate the secondary nucleation kinetics in isolation, 
with previous knowledge of the primary nucleation and growth kinetics of the solution system.  
 
2. Seeding Process: Seed Loading and Seed Charts 
 
Previously, in order to evaluate the growth kinetics of paracetamol in ethanol solutions, a 
quantitative approach, involving the use of seed charts, was employed for the evaluation of the 
minimum seed loading necessary to ensure negligible nucleation (Mitchell et al., 2011b). Seeding is 
a commonly employed technique to stabilize the batch crystallisation process, promoting growth 
onto the seed crystals added.  However, the seeding of a crystallization process has long been 
viewed as an art (Kohl et al., 1997) with limited quantitative data available in the literature. Kubota 
et al. (2001) investigated the effect of seed loading on the crystal size distribution (CSD) of a 
potassium alum-water system, obtained from batch cooling crystallisation. It was found that at high 
seed concentrations above a critical level denoted Cs* , unimodal product crystals were produced, 
with the cooling regime employed having no effect. Slow cooling was shown to be a unnecessary 
experimental condition for suppressing secondary nucleation. The critical seed concentration was 
determined from several batch trials with the aid of a seed chart, for the potassium-alum system 
(Kubota et al., 2001; Doki et al., 1999), as shown in figure 1. The ideal growth line is described by 
the following equation: 
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Where Lsp is the mean mass size of grown seed, Ls is the mean mass size of the seed crystals and Cs 
is the seed concentration, defined as the ratio of seed added to the maximum theoretical yield 
evaulated from the solubility (Mullin and Nỳvlt, 1971). The above equation is a simple mass 
balance, assuming that no supersaturation remains at the end of the batch and no change in total 
crystal number occurs, due to nucleation, agglomeration or breakage (Kubota et al., 2001). 
 
 Figure 1: Seed chart for potassium-alum solution system (Kubota et al., 2001). 
 
The critical seed concentration derived from seed charts is the amount required to produce a 
monomodal size distributions, not necessarily to stop secondary nucleation events completely. It 
should be noted that the critical seed concentration, Cs*, is an arbitrary value, as some secondary 
nucleation will always occur, when seed is added to a supersaturated solution. This value is 
dependent on the acceptable fraction of the final product, attributable to the growth of secondary 
nuclei and also what level of secondary nucleation is measurable. The majority of Particles Size 
Analysers (PSA) produce a volume based PSD of the final product crystals, as is the case in this 
work. This type of distribution is intrinsically biased towards highlighting the effect of larger 
crystals over smaller crystals, due to their relative volumes. For example, assuming normal 
distributions for the added seed crystals (mean = 300µm and standard deviation = 75µm) and the 
secondary nuclei (mean = 125µm and standard deviation = 30µm), approximately 10% of the final 
volume of product particles would need to be attributed to secondary particles before their effect 
would become visible on a volume based PSD, as shown in figure 2. This example is typical of the 
PSD's measured in this work, with the added seed crystals effectively having a head start on the 
newly generated secondary nuclei. 
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Figure 2: Effect of increased volume percentage of newly generated secondary particles in final 
product volume based PSD. 
 
A major drawback to the use of seed charts is that they provide no information on the evolution of 
supersaturation throughout the crystallisation process, as shown in figure 1, where different critical 
seed concentrations are found for the natural and controlled cooling modes. The method also 
requires a significant amount of experimental work, as the seed chart is dependent on seed size 
used. For instance, if a given seeding process was to be optimised using this method, several batch 
trials would be required for each cooling profile investigated. The aim in this work was to evaluate 
the underlying secondary nucleation mechanism and estimate its rate for various experimental 
conditions. Using these secondary nucleation kinetics along with previously estimated kinetics 
describing primary nucleation and crystal growth for this solution system, a numerical model was 
developed to describe the seeding process. In this way the seeding process for a given solution 
system can be optimised to achieve given attributes, such as increased yield, in a more streamlined 
and less experimentally intensive manner. The numerical model developed to describe the seeding 
process, will be outlined in the next section. 
 
 
 
 
3. Numerical Model and Parameter Estimation 
 
The population balance approach to modelling crystallisers is used in conjunction with the method 
of moments to simulate the seeding process, accounting for the primary and secondary nucleation 
and crystal growth of paracetamol in ethanol solutions under various process conditions. The 
numerical model is implemented in the MATLAB programming environment, and is described in 
the following sections. The solubility of paracetamol in ethanol as a function of temperature is 
evaluated using the expression of Fernandes (1999), as previously described (Mitchell and Frawley, 
2010; Mitchell et al., 2011a). 
 
3.1 Population Balance 
 
The generalised population balance, describing the time-dependent evolution of the particle size 
distribution can be given as follows: 
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Where n is the population density , t is time and L is the characteristic dimension of the particle. In 
this work a Horiba PSA was employed to measure the product PSD's, which provides the diameter 
of the volume equivalent sphere as a measure of particle size. The crystal growth rate, G, is 
assumed to be size independent according to McCabe's ∆L Law (G ≠ G(L)).  
 
3.2 Method of Moments 
 
The Standard Moment Method (SMM) is employed in particulate processes, such as batch 
crystallisers, to model the solids evolution over time of the process. The method is based on the idea 
of tracking only the moments of the Crystal Size Distribution (CSD), and avoids having to track 
individual particles. For a homogeneous process, the jth moment of a CSD is defined as: 
 
( )∫∞= 0 dLLnLm jj ;      j = 0....5                                                               (3) 
 
Each individual moment represents an aspect of the size distribution with the first six moments 
being of most interest. The total number of particles, total particle length, area and volume 
represented by m0, m1, m2 and m3, respectively. The area and volume shape factors, dependent on 
particle morphology, are required to estimate the total surface area and solids volume from m2 and 
m3, respectively. Equation (3) can be multiplied through by Lj and integrated to result in an equation 
in terms of the moments mj: 
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Where B is the nucleation rate for the crystallisation process. For size independent growth, the 
change in moments over time is described as follows: 
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For the case of negligible nucleation (B = 0), equation (4) equals zero (no change in particle 
number) and the change of the higher order moments are only affected by the growth rate of the 
solute crystals. In this work a novel method, involving the use of two different independent moment 
sets was employed to track the seeding process. One moment set, denoted mseed, was employed to 
track the growth of the added seed crystals only, while the other moment set denoted mnuc, tracks 
the primary and secondary nucleation and subsequent crystal growth of additional crystals. For the 
mseed moment set, no nucleation occurs and the change in the moments can be described by 
equations (4) and (5), taking B = 0. In the case of the mnuc, which describes the crystallisation of 
additional nuclei, equations (4) and (5) are also utilised to track the change in the moments. 
However, the magnitude of the nucleation rate, B, is determined from the combined effects of 
primary and secondary nucleation mechanisms. Therefore, the total simulated solids concentration, 
cs, or crystal yield can be evaluated by combining the third moments of both moments sets, as 
follows: 
 
)( 3,3, nucseedvcs mmkc += ρ                   (6) 
 
Dividing the moments into these two sets allows the seed and additional crystals to be tracked 
separately. This also allows the fraction of the total crystal yield attributable to additional crystals to 
be tracked over the course of the crystallisation process. 
3.3  Mass Balance 
 
The change in solute concentration, c, of the solution due to growth of the seed crystals, primary 
and secondary nucleation and subsequent growth of additional crystals, can be described by the 
following equation: 
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Where ρc is the crystal density and kv is the volume shape factor of the solute crystals. For this work 
the crystal density of form I of paracetamol and the volume shape factor are taken as 1332kg/m3 
(Britain, 1999) and 0.866 (Worlitschek, 2003), respectively. Lmin is the assumed of the new primary 
and secondary nuclei, taken as 1µm in this work. This size corresponds to the approximate 
detectable size of the FBRM® probe, employed previously to evaluate the primary nucleation 
kinetics of this solution system (Mitchell et al., 2011a). The following initial and boundary 
conditions are applied to both the  population balance equation and solute concentration equations 
for the seed moment set, mseed (Schöll et al. 2007): 
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Where c0 is the initial concentration of solute in solution and no(L) is the PSD of the seed crystals. 
The growth process on to the seed crystals is viewed as a solute deposition process onto the seed 
crystals, with other solute consumption mechanisms, such as nucleation, neglected. The following 
initial and boundary conditions are applied to both the  population balance equation and solute 
concentration equations for the second moment set, mnuc, describing the primary and secondary 
nucleation and subsequent growth of additional nuclei: 
 
( ) 00, =Lnnuc                                                     (11) 
 ( ) Btn nuc =,0                               (12) 
 
 
Where no nuclei are present initially, upon addition of the seed crystals and the change in particle 
number is affected by the combined effects of primary and secondary nucleation, described by 
equations (11) and (12), respectively. The processes of agglomeration and breakage are not 
accounted for in this model, with no change in the number of particles due to theses effects assumed 
over the course of crystallisation, represented by equation (12).  
 
3.4 PSD Reconstruction 
 
The major disadvantage of the SMM technique is that the simulation yields the moments of the 
PSD and not the actual PSD, and the PSD cannot be explicitly determined from its respective 
moments. A novel technique for the reconstruction of PSD from the moments of the distribution 
was developed by Hutton (2009). The technique is capable of reconstructing any 2-parameter 
distribution, such as Rosin-Rammler, Gaussian and Log-Normal Distributions, based on any two 
moment values. The technique is outlined further in previous work (Mitchell et al., 2011b), 
assuming a Rosin-Rammler density function, as this was found to be the best fit for the 
experimental PSD's measured in this work. This technique was found to reproduce PDF's with a 
percentage error of 0 to -5.5% (Hutton, 2009). Two moment sets are employed in this work, so that 
the growth of the seed crystals and the nucleation and subsequent growth of additional nuclei can be 
tracked separately. The PSD reconstruction technique employed here is applied twice for each 
moment set, allowing the combined volume based PSD to be evaluated by superposition, knowing 
the volume contribution of each moment set to the final crystallised product. It should be noted that 
if only one moment had been employed in the simulation, the final PSD's would have the shape of 
the assumed distribution. In this case the characteristic bimodal distribution indicative of secondary 
nucleation events post-seeding would not be produced by this reconstruction technique. 
 
3.5 Process Kinetics 
 
The primary nucleation rate, Bprim, is described in this work using the following power law 
expression, from classical nucleation theory, as a function of supersaturation, ∆c (Nỳvlt, 1968): 
 
( )nnprim ckB ∆= '                    (13) 
 
Where kn' is the number nucleation rate constant, ∆c is the supersaturation (∆c = c - c*), and n is the 
nucleation order. The values for the nucleation rate constant and order, given in table 1, were 
previously evaluated for this solution system from induction time experiments, using an FBRM® 
probe to detect the onset of nucleation (Mitchell et al., 2011a). Although secondary nucleation may 
be the dominant mechanism by which new nuclei are generated in the experiments conducted in this 
work, as will be shown in section 6, primary nucleation can still occur in the bulk solution. Indeed, 
if it is not included the resulting secondary nucleation rate expression, will be overestimated. 
During the optimisation process, as will be discussed later, the exclusion of the primary nucleation 
rate actually worsened the fit of the model to the experimental data. 
 
An empirical correlation was employed to describe the crystal growth rate of paracetamol as a 
function of the absolute supersaturation, ∆c, and temperature, T, in degrees Kelvin, as follows: 
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Where kg is the growth rate constant, Ea is the activation energy for crystal growth and g is the 
growth order. It should be noted that in the above equation that the absolute supersaturation, ∆c, is 
in molar units of kmol/m3, which can be converted into kg/kg, using the molar mass of paracetamol 
(0.15117 kg/mol) and the density of ethanol (789 kg/m3). The values for the activation energy, 
growth rate constant and order, also given in table 1, were previously evaluated for this solution 
system from isothermal seeded batch experiments (Mitchell et al., 2011b). 
 
Table 1: Values previously evaluated for primary nucleation and growth rate parameters. 
Parameter (Units) Description Value 
kn' (#/ min m3)n Primary Nucleation Rate Constant 1.597 × 1010 
n (-) Primary Nucleation Rate Order 2.276 
kg (m/s(m3/kmol)g Growth Rate Constant 9.979 
Ea (kJ/mol) Activation Energy for Growth 40.56 
g (-) Growth Rate Order 1.602 
 
3.6 Optimisation 
 
The secondary nucleation kinetics were evaluated using the method of non-linear regression 
analysis as described previously (Mitchell et al., 2011b). This parameter estimation technique was 
based on a weighted non-linear least squares optimisation algorithm, as follows: 
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Where Ne is the number of experiments, Rm is the mean residual, tmend is the duration of the 
experiment, Smexp and Smmod are the experimental and simulated supersaturation ratios, respectively. 
The optimisation procedure was conducted using the lsqnonlin command in the MATLAB 
optimisation toolbox. Using this approach the simulation becomes progressively more sensitive to 
the contribution of newly generated secondary nuclei as these particles grow out of solution and 
contribute more to the consumption of the solution supersaturation.  
 
4. Experimental 
 
 
4.1 Materials 
 
The experimental work outlined was performed on Acetaminophen A7085, Sigma Ultra, ≥99%, 
sourced from Sigma Aldrich. The ethanol employed in this work was of ACS reagent grade with a 
purity of ≥99%, also sourced from Sigma Aldrich.  
 
4.2 Apparatus 
 
 
4.2.1 LabMax® Reactor System 
 
A 1L LabMax® borosilicate glass jacketed reactor with an inner diameter of 100mm from Mettler-
Toledo was employed for all experiments conducted during this work. In order to ensure a 
homogeneous solution in the reactor, agitation was provided by a four blade glass stirrer of 60mm 
diameter, with 450 inclined blades. The stirrer was positioned approximately 25mm from the base of 
the reactor and operated at an agitation rate of 200rpm for all experiments, unless indicated 
otherwise. ATR-FTIR and FBRM® online probes, described in the following sections were 
positioned in the high fluid velocity zone, close to the impeller, to prevent clogging or encrustation 
of the probe windows. A custom made PTFE wall baffle was also employed in all experiments to 
improve the level of mixing and solids suspension in the reactor. 
 
4.2.2 FBRM® probe 
 
A Mettler-Toledo Focused Beam Reflectance Measurement (FBRM®) D600L probe was utilised in 
this work to provide in-situ measurement of particle dimension and number. The probe employs a 
laser beam, rotated with high speed optics, set at 2m/s, to scan a circular path  in the flow, with 
particles measured via backscattered light. The focused beam can cross a particle on any straight 
line between two edge points, providing a chord length measurement for the particle. Thousands of 
chords are measured and counted per second, providing a robust measurement of the chord length 
distribution (CLD). A measurement interval of 30 seconds was utilised for all experiments, unless 
otherwise indicated. The affect of the measurement interval on the resulting FBRM® data will be 
discussed further in section 7. 
 
4.2.3 ATR-FTIR probe 
 
In this work a Mettler-Toledo ReactIRTM iC10 with a 9.5mm DiComp AgX immersion probe was 
utilised to measure the solute concentration in solution in-situ. A diamond crystal is employed as 
the ATR element in this probe, with a silver halide FiberConduitTM used to transmit light to the 
sensor. The system operates in the mid-IR region, with a usable wave number range of 1900-
650cm-1, within which the fundamental vibrations of most organic functional groups can be 
observed. The ATR infrared spectra is known to be dependent on the concentration and temperature 
of the solution, requiring calibration with respect to these variables before it can be used to indicate 
solute concentration in solution.  
 
An ATR-FTIR calibration model evaluated previously, describing the effects of temperature and 
concentration on the peak height ratio of 1517cm-1 (solute peak)/882cm-1 (solvent peak) is utilised 
in this work. However, the effects of agitation on the secondary nucleation rate have also been 
investigated here, which is known to affect infrared spectra. In order to account for this effect the 
original calibration model was expanded to include agitation rate. The effect of agitation rate on the 
peak height of the  1517cm-1 (solute peak) is shown in figure 3. It can be seen that agitation rate has 
a minimal impact on the peak height, in comparison with concentration and temperature, with 
deviations only observed in the third decimal place for the agitation range (100-300rpm) 
investigated, but it is still incorporated into the current calibration model.  
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Figure 3: Effect of agitation rate on the height of the solute peak, 1517cm-1, for a constant 
concentration and temperature of 0.25kg/kg and 500C, respectively. 
 
4.2.4 Particle Size Analyser (PSA): 
 
A Horiba model LA-920 laser diffraction particle size distribution analyser was employed in this 
work to evaluate the PSD's of the seed sieve fractions and of the final product. This instrument is 
equipped with a flow cell sample chamber, which circulates about 200ml of the dispersal medium 
through the measurement window. The LA-920 PSA determines PSD's using light diffraction in the 
range of 0.02 to 2000µm, using two light sources, a long life 632.8nm He-Ne laser and a blue 
405nm monochromed tungsten lamp. All PSD's reported in this work are in accordance with 
ISO13320, with coefficients of variation (CV) for the d10, d50 and d90's of three separate samples 
of less than 5%, 3% and 5%, respectively. 
 
 
 
4.2.5 SEM Analysis: 
 
All SEM analysis was carried out using a Joel CarryScope JCM-5700. Samples were sputtered prior 
to SEM analysis, as the paracetamol crystals were found to be highly prone to charging, with 
uncoated samples displaying SEM images with high levels of abnormal contrast. The samples were 
sputtered with 10nm of gold at 1×10-1mbar, using an Emitech K550 coater. 
 
4.3 Procedure  
 
Initial concentrations were prepared using the LabMax® reactor on a 500mL scale and held a 
minimum of 100C above the saturation temperature, to ensure complete dissolution. The solution 
was then cooled at 10C/min to within half or three quarters the known MSZW for this cooling rate 
and concentration. The MSZW was determined from the experiments conducted using the FBRM® 
probe to detect the onset of nucleation. At this point seed crystals of a given size and mass were 
added, prepared using same procedure as previous work (Mitchell et al., 2011b) and the reactor was 
held constant at a constant temperature for the remainder of the experiment. The ReactIRTM iC 10 
online probe, described in section 4.2.3, was used to track solute concentration over the course of 
the experiment. The FBRM® probe was employed to record the variation of CLD (Chord Length 
Distribution) during the experiment and to indicate qualitatively the occurrence of secondary 
nucleation events.  
 
Typical FBRM® CLD data over the course of a seeded growth experiments with a seed loading of 
21% (as used in experiment S01, see table 2), is shown in figure 4(a). It can be seen that negligible 
nucleation was found to occur, with no peaks in the small size ranges. Also, the CLD was found to 
maintain a similar shape during the experiment, indicating that growth of the seed crystals was the 
dominant supersaturation consumption mechanism. However, for the under-seeded experiments 
investigated in this work, with a seed loading of 4.1% (as used for experiment S02, see table 2), the 
typical FBRM® CLD plot is given in figure 4(b), showing spikes in the 1-10µm range, indicative of 
secondary nucleation events. The experiments were continued for approximately 1 hour after seed 
addition. At the completion of the experiment the whole batch of solution was filtered, washed 
using approximately 50 mL of ice cold distilled water and dried. The dried product crystals were 
weighted in order to measure the crystal yield and a sample of the product crystals was taken to 
measure the final product PSD, using the Horiba PSA, and for SEM analysis. 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   
 
 
 
 
  (a)        (b) 
Figure 4: Measured CLD's from FBRM® for  seeded growth experiments, with seed loadings (a) 
above and (b) below the critical seed concentration, Cs*. Time of seed addition indicated by dashed 
lines. 
 
5. Results 
 
A range of under-seeded isothermal secondary nucleation experiments were conducted to gauge the 
effect of initial supersaturation, solution temperature, seed loading, size fraction and agitation rate 
on the estimated secondary nucleation rate kinetics. The experimental conditions of these 
experiments along with the experimental yields are given in table 2. All the simulated yields for the 
experiments conducted in this work were within -8.5% and +3.2% of the corresponding 
experimental data. In the figures showing the evolution of supersaturation in the following sections, 
experimental data is represented by symbols, while the corresponding simulated data is plotted as 
lines. In the desupersaturation curves shown in figures 5,7,8 and 10, time zero corresponds to the 
time when the seed was added to the solution. 
 
 
 
 
 
  
 
Table 2: Experimental conditions of under-seeded secondary nucleation experiments.  
Exp. 
No. 
S0 Temp. 
(0C) 
Seed 
Fraction 
Seed Mass 
(g) 
Experimental 
Yield (%) 
Agitation Rate 
(rpm) 
S01 1.7074 20 125-250µm 7.0003 43.19 200 
S02 1.4232 20 125-250µm 1.0408 24.87 200 
S03 1.5676 20 125-250µm 1.0335 34.37 200 
S04 1.4176 20 125-250µm 0.5483 23.43 200 
S05 1.4202 20 125-250µm 3.0215 27.20 200 
S06 1.4233 20 90-125µm 1.0906 27.14 200 
S07 1.7061 20 125-250µm 1.0165 40.36 200 
S08 1.4187 20 63-90µm 0.2045 20.94 200 
S09 1.4209 20 125-250µm 1.0089 26.42 250 
S10 1.7061 10 125-250µm 1.0379 36.12 200 
S11 1.4273 20 125-250µm 1.0384 28.56 300 
S02R 1.4216 20 125-250µm 1.0203 24.68 200 
S03R 1.5666 20 125-250µm 1.0340 34.38 200 
 
5.1 Effect of Initial Supersaturation 
 
The effect of initial supersaturation on the desupersaturation curve is shown in figure 5, for a 
solution temperature and seed size fraction of 200C and 125-250µm and seed loadings as given in 
table 2. It can be seen that for increasing values of initial supersaturation, the supersaturation in 
solution is consumed more rapidly, indicating higher secondary nucleation rates and hence solute 
consumption. Indeed, for the higher initial supersaturation of 1.56, the desupersaturation curve 
crosses over the other curves at approximately 1800 seconds after the addition of the seed crystals. 
This effect is even more pronounced in the case of experiment number S07 in table 2, although not 
shown, with an initial supersaturation of 1.71. This crossover effect was previously observed during 
isothermal seeded growth experiments. In that case the crossover was attributed to increased crystal 
surface area available due to the higher growth rates at higher supersaturations (Mitchell et al., 
2011b). The effect observed here can also be explained by the increased crystal surface area 
available. However, in this case the increased area is provided by a combination an increased 
secondary nucleation rates and growth rates at higher supersaturations.  
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Figure 5: Effect of initial supersaturation on desupersaturation curve for a seed loading, size 
fraction and solution temperature of 1g, 125-250µm and 200C, respectively. 
 
The above finding can be verified by examining the final product PSD's for these experiments, as 
shown in figure 6. It can be seen from figure 6, that for increased initial supersaturations the final 
product PSD's display a more pronounced secondary peak or bimodality, indicative of an increased 
level of secondary nucleation at higher supersaturations. In the extreme case of experiment S07, the 
newly generated secondary nuclei contribute significantly to final product mass, yielding a very 
broad final product PSD. 
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Figure 6: Effect of initial concentration on the emergence of the secondary peak in the final product 
PSD.  
 
5.2 Effect of Solution Temperature 
 
The effect of solution temperature on the secondary nucleation rate of paracetamol in ethanol 
solutions was investigated in this work for a temperature range of 100C-200C. The secondary 
nucleation rate was found to be independent of solution temperature for this experimental range. 
However, for conciseness the solution concentration is not shown as it would merely highlight the 
change in crystal growth due to temperature. This finding is in contrast to previously published 
work on this solution system by Worlitschek et al. (2003), where a temperature effect is 
incorporated into the secondary nucleation rate expression, given in equation (13), which will be 
discussed further in section 6. To a large extent the temperature dependence reported in that work 
was a consequence of using the supersaturation ratio as a means of quantifying supersaturation. The 
change in the solubility with temperature for paracetamol is not constant, thereby inducing a 
temperature dependence in the secondary nucleation rate. In this work, as will be described in 
section 6, the absolute supersaturation was employed in the secondary nucleation rate expression 
and no appreciable temperature dependence was found in the optimised parameters. 
5.3 Effect of Seed Size 
 
The effect of seed size fraction on the decay of supersaturation in solution is shown in figure 7. It 
can be seen from the plot that for increasing seed mass, the supersaturation in solution in consumed 
more quickly. This increased consumption can be explained by the increase in total seed surface 
area available for growth, from the additional seed. The increased surface area, with the smaller 
seed size, promotes the growth of the seed crystals over the generation of new secondary nuclei. 
This finding was verified using the measured final product PSD's, where the a smaller degree of 
bimodality, and hence secondary nucleation, was observed for experiment S06 (see figure 14(b)), 
were a smaller seed size fraction was employed. This finding is in agreement with the work of 
Kubota et al. (2001), where it was shown that for smaller sized seed, less seed is required to prevent 
secondary nucleation events, as shown in figure 1.  
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Figure 7: Effect of seed size fraction on the decay of the supersaturation curve for a solution 
temperature and seed loading of 200C and 1g, respectively. 
 
 
 
 
5.4 Effect of Seed Loading 
 
The effect of seed loading on the decay of supersaturation in solution is shown in figure 8. It can be 
seen from the plot that for increasing seed loading, the supersaturation in solution in consumed 
more quickly. This increased consumption can be explained the increased surface area available for 
crystal growth, analogous to effect of using smaller sized seed. In the case of experiment S01 with a 
seed loading of 7g, the consumption of solute is mainly driven by crystal growth, with a 
monomodal product PSD of a similar shape to the seed PSD produced. Indeed this experiment was 
used previously to evaluate the growth kinetics for this solution system.  
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Figure 8: Effect of seed loading on the decay of the supersaturation curve for a solution 
temperature and seed size fraction of 200C and 125-250µm, respectively. 
 
 
However, in the case of lower seed loadings, the contribution of newly generated secondary nuclei 
to the decay of supersaturation becomes significant and final product PSD's begin to display 
increased levels of bimodality. The numerical model described in section 3, is capable of tracking 
the contribution of nucleation and subsequent crystal growth of newly generated secondary nuclei, 
to the crystallised solid over the course of the crystallisation process, as shown in figure 9. It can be 
seen that for lower seed loadings, for same conditions, increased secondary nucleation occurs. For 
experiment S01 with 7g of seed, approximately 2% of the final simulated crystal mass, one hour 
after seed addition, is attributable to new secondary crystals. As shown in section 2, a PSD with 
only 2% of the crystallised volume attributable to secondary particles, would not show any 
bimodality, indicative of secondary nucleation. Whereas, with 1g of seed (S02) this significantly 
increases to approximately 22%, yielding a final PSD, with significant bimodality as shown in 
figure 6. 
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Figure 9: Simulated change in volume percentage of newly generated secondary particles in 
crystallised solids a range of seed loadings. 
 
5.5 Effect of Agitation Rate 
 
The effect of agitation rate on the decay on the supersaturation curve is shown in figure 10. It can be 
seen that for increasing levels of agitation, the supersaturation is found to decay faster. This effect 
can be explained by a higher rate of secondary nucleation at higher agitations, providing a larger 
crystal surface area for deposition of solute. The increased levels of agitation introduce higher fluid 
velocities and more violent crystal-impeller collisions, which may result in higher degree of 
detachment of the surface irregularities, which will be discussed further in section 6, yielding a 
larger crystal surface area for deposition of the solute. 
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Figure 10: Effect of agitation rate on the desupersaturation curve for a seed loading, size fraction 
and solution temperature of 1g, 125-250µm and 200C, respectively. 
 
 
5.6 Repeatability 
 
In order to investigate the repeatability of the experimental technique, experiment number S03 and 
S02 were repeated numerous times. The desupersaturation curves, as shown in figure 11, for the 
two experiments (S03, S03_R) display a high degree of repeatability, with an average difference of 
approximately 3.8 % in the supersaturation ratio at a given time step. The yields from these 
experiments, given in table 2, were found to be in excellent agreement with a difference of 0.01 
percentage yield points. The repeatability of the final PSD's was also found to be satisfactory, with 
a coefficient of variance (COV) for the d50  between the two PSD's of 0.745%,  as shown in figure 
12. It can be seen that both PSD's display a secondary peak, characteristic of the occurrence of 
secondary nucleation events. The desupersaturation curves and the final PSD's for experiments S02 
and S02R were also found to be in similar agreement. The yields for both experiments, given in 
table 2, were found to be in good agreement with a difference of 0.19 percentage yield points. To a 
certain extent this deviation in yield can be explained by the somewhat different intial 
concentrations and seed loadings employed in each experiment. 
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Figure 11: Repeatability of the desupersaturation curves for experiments S03 and S03_R. 
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Figure 12: Repeatability of the experimental final product PSD's for experiments S03 and S03_R. 
 
6. Estimated Secondary Nucleation Kinetics 
 
Using the initial seed PSD's and the desupersaturation curves shown in figures 5,7,8 and 10, the 
secondary nucleation kinetics were evaluated by minimizing the error between the experimental and 
simulated supersaturation ratios, according to equation (15). An empirical correlation was employed 
to describe the secondary nucleation rate as a function of the absolute supersaturation, ∆c, and the 
second moment of the PSD, m2, representative of the total crystal surface area, as follows: 
 
2sec
sec mcKB nN ∆=                               (16) 
 
Where KN  is the secondary nucleation rate constant, nsec is the secondary nucleation order and m2 is 
the second moment of the PSD. Other expressions were utilised to describe the secondary 
nucleation rate, such as a power law relationship similar to equation (16) above, but the third 
moment of the PSD, m3, was used. The expression suggested by Worlitschek et al. (2003) was also 
considered. However, equation (16) was found to be the most representative of the experimental 
data in this work. The secondary nucleation rate parameters yielding from the global optimisation of 
equation (16) to the experimental data are given in table 3, as function of agitation rate. It can be 
seen from the values of the rate constant, KN, that agitation rate has an enormous and roughly linear 
impact on the secondary nucleation rate. A similar linear behaviour was found previously for the 
effect of agitation on the MSZW (Mitchell and Frawley, 2010) and induction times (Mitchell et al., 
2011a) for this solution system. Little variation is observed in the optimised values for the 
secondary nucleation order, nsec, indicating the dependence of the secondary nucleation rate on the 
level of supersaturation is relatively constant over the agitation range investigated. 
 
Table 3: Estimated parameters for secondary nucleation rate, described by equation (16) for the 
paracetamol and ethanol solution system, as a function of agitation rate. 
Agitation Rate (rpm) KN nsec 
200 2.656×107 2.232 
250 6.397×107 2.339 
300 26.632×107 2.314 
 
6.1 Simulation Outputs 
 
Using the parameters given in table 3, to describe the secondary nucleation rate, the numerical 
model described in section 3, can provide some insights as to the evolution of the nucleation events 
throughout a typical seeding process. The evolution of the predicted primary and secondary 
nucleation rates and the corresponding supersaturation ratio is plotted in figure 13, for experiment 
S03. Time zero corresponds to the point of seed addition. It can be seen that initially the rates of 
primary and secondary nucleation are almost the same. However, as crystallisation progresses an 
increase in seed surface area due to the combined effects of growth of added seed and additional 
nucleation (both primary and secondary), results in higher secondary nucleation rate. This is in 
contrast to the primary nucleation rate which reduces with the decay in supersaturation. The 
secondary nucleation rate is then observed to go through a maximum approximately 900 seconds 
after seed addition. After this maximum the crystal growth of the seed crystals and the newly 
generated nuclei becomes the dominant solute consumption mechanism, with the secondary 
nucleation rate decaying rapidly. The desupersaturation curves in this work are also observed to 
display a different behaviour, to those measured previously for seeded growth experiments 
(Mitchell et al., 2011b), such as that for experiment S01. The plots for purely growth display a 
concave behaviour, indicating that the decay of supersaturation is purely driven by growth of the 
seed crystals. Whereas, for the under-seeded secondary nucleation experiment conducted in this 
work, the rate of decay is initially low and at some critical point the supersaturation is found to drop 
away significantly. 
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Figure 13: Simulated primary and secondary nucleation rates and supersaturation ratio over the 
course of experiment number S03. 
 
6.1  Accuracy of Kinetic Data 
 
The technique for the evaluation of the secondary nucleation kinetics employed in this work, 
provides two methods by which to assess the accuracy of the estimated secondary nucleation rate 
expression. Firstly, the simulated and experimental desupersaturation curves can be compared, as 
shown in figures 5,7,8 and 10. It can be seen from these figures that the model predictions for 
solution concentration are in good agreement with the experimental data, with an average and 
maximum error in the residuals, calculated using equation (15) of 1.995 × 10-2 and 4.03 × 10-2, 
respectively. These residual values are significantly higher than those achieved previously for 
seeded growth type experiments (Mitchell et al. 2011b), which may be attributed to some degree to 
the more stochastic nature of nucleation events. The largest deviation between the simulated and 
experimental data for the solution concentration was observed for the runs investigating the effect 
of particle size and seed loading on the decay of the desupersaturation curve. This error may also be 
as a result of the resolution of the Horiba PSA employed in this work to measure initial and final 
PSD's. The Horiba PSA system offers 85 logarithmically spaced channels over its measurable size 
range of 0.02 - 2000µm, providing the volume frequency in a given size range. Due to measurement 
of only the volume of particles in the Horiba PSA, the initial moments utilised in the numerical 
model and in the optimisation of the secondary nucleation rate parameters, were relatively 
insensitive to the contribution of smaller particles. 
 
Secondly, the accuracy of the estimated secondary nucleation rate can be indicated by the 
comparison of the final simulated and experimental product PSD's. The experimental PSD's, 
measured using the Horiba PSA and the corresponding simulated final PSD's, evaluated using the 
reconstruction technique outlined in section 3.4, for experiments S03, S06 and S09 are shown in 
figure 14. It can be seen that the simulated and experimental data are in reasonable agreement. For 
experiments S03 and S09 significant bimodality is exhibited in both the experimental and simulated 
final PSD's, while that of S06 displays a monomodal PSD. However, the experimental PSD's were 
found to be somewhat wider than the simulated PSD's, with a small fraction of larger crystals 
present, indicative of the occurrence of some crystal agglomeration. The existence of agglomeration 
in the product crystals is also supported by the SEM image of the product crystals from experiment 
S07, shown in figure 15 below. To a large extent it is believed that this agglomeration occurred 
during the handling and ex-situ analysis of the samples and not necessarily during the crystallisation 
process. This is supported by FBRM® data, where a drop in the total number or chord counts and a 
shift to a larger size range, which would be indicative of agglomeration events, was not observed. 
All other experimental and simulated final PSD's in this work were found to be in similar 
agreement. 
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Figure 14: Simulated versus measured final product PSD's for experiments numbers (a) S03 (b) S06 
and (c) S09. 
6.2  Existing Kinetic Data 
 
Some kinetic data describing secondary nucleation rate of paracetamol in ethanol solutions is 
available in the literature. A secondary nucleation rate expression, given in equation (17) for 
paracetamol form I, the stable form, in ethanol as a function of temperature, supersaturation and 
seed surface area was determined by Worlitschek, via the conversion of online FBRM® CLD's to 
PSD's (Worlitschek, 2003; Worlitschek and Mazzotti, 2004).  
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Where D is the diffusivity or diffusion coefficient, evaluated using the Stokes-Einstein equation. 
However, the secondary nucleation rates predicted using this expression are over two orders of 
magnitude higher for the same conditions, than the expression evaluated in this work. The 
differences in the predicted secondary nucleation rates can be attributed to a number of sources. 
Firstly, the work of Worlitschek (2003) utilised converted FBRM® CLD data, which is liable to 
over predict the number of particles  present in solution and hence the corresponding secondary 
nucleation rate measurement. Secondly, the expression of Worlitschek is based on experiments 
conducted with supersaturation ratios of less than 1.08 (Worlitschek, 2003; Worlitschek and 
Mazzotti, 2004) and extrapolation of this expression to cover the supersaturation range investigated 
here, may induce significant errors. The wider supersaturation range investigated in this work, with 
a maximum of 1.71, is considered to provide a more robust secondary nucleation rate expression for 
paracetamol and ethanol solutions. 
 
6.4 Mechanism of Secondary Nucleation 
 
The secondary nucleation measured in this work, is mainly attributed to the occurrence of surface 
nucleation on the added seed crystals. This mechanism has been reported previously to be 
composed of two distinct steps (Verdurand et al., 2005; Denk and Botsaris, 1972). Firstly, visible 
irregularities or dendrites appear on the surface of the seed crystals, as can be seen in the SEM 
image given in figure 14. Previously, the diffusional limitations on the growth of paracetamol 
crystals in ethanol solutions were evaluated using the Sherwood correlation. Under the experimental 
conditions investigated in that work, as employed here, the diffusion limited growth rates were 
found to be over an order of magnitude higher that the measured crystal growth rates. Therefore, the 
growth process for the paracetamol crystals were concluded to be controlled by the surface 
integration of the solute molecules onto the crystal surface (Mitchell et al., 2011b). Furthermore, 
this indicates that an excess of solute molecules exists at the crystal surface, which is not integrated 
fast enough into the crystal lattice. Crystal growth rates at sites of lattice imperfections, such as 
screw dislocations are known the be higher, which may lead to the growth of macroscopic dendrites 
on crystal surfaces at these sites.  
 
Secondly, these dendrites become detached from the surface due to liquid shear forces or due to 
impeller-crystal collisions. These particles are then passed into the bulk solution where they serve 
as secondary nuclei. The increased detachment of surface dendrites from the seed crystals are 
believed to be the sources of significantly higher levels of secondary nucleation observed at 
agitation rates.     
 
 
Figure 15: SEM image of product crystals from experiment S07, showing irregular growth on 
surface of crystals.  
 
7. FBRM®: Effect of Measurement Interval 
 
In this work an FBRM® probe was utilised in combination with  online solution concentration 
measurements, via calibrated ATR-FTIR data and final product PSD's, to gauge the level of 
secondary nucleation occuring in solution under various conditions. However, relying solely on 
FBRM® data to indicate the occurrence of secondary nucleation events may lead to misleading 
results. For instance, in this work experiment number S03 was repeated (S03R), to gauge the 
repeatability of the secondary nucleation process. The process was found to be highly repeatable as 
described above in section 5.6. For experiment S03, a measurement interval of 30 seconds was used 
and the resulting CLD surface plot is shown in figure 16(a). The corresponding FBRM® CLD 
surface plot for the repeated experiment (S03R) is given in figure 16(b), for which a measurement 
interval of 15 seconds was employed. It can be seen that in figure 16(b), large spikes are observed 
in the less than 10µm range, indicative of secondary nucleation events. However, in figure 16(a), 
with the higher measurement interval, these spikes are absent. A CLD surface plot of this type, with 
a consistent shape to the distribution throughout the crystallisation process, indicates that crystal 
growth is the dominant solute consumption mechanism, as outlined previously (Schöll et al., 2007; 
Mitchell et al., 2011b).  
 
 
 
 
 
 
 
 
 
 
 
 
(a)      (b) 
Figure 16: FBRM® CLD plots for experiments (a) S03 and (b) S03R, were measurement intervals of 
30 and 15 seconds, respectively. Time of seed addition indicated by dashed lines. 
 
 
The above effect can be explained by examining the growth rate kinetics for the solution system. 
The levels of supersaturation initially induced during experiments S03 and S03R, would yield 
growth rates of over 2×10-7 m/s, using the growth rate expression evaluated previously (Mitchell et 
al., 2011b). Therefore, during the 30 second measurement interval employed for the FBRM® in 
experiment S03, the solute crystals will have grown over 6µm. With secondary nuclei of an 
assumed size of 5µm, yielding secondary crystals of 11µm at the end of the measurement interval. 
These secondary crystals can be merged into the CLD of the added seed crystals, effectively 
averaging out the effect of secondary nucleation events. This effect was also observed at higher 
supersaturations, as in experiment S07 (S0 = 1.7061). In summation, an FBRM® probe is a valuable 
semi-quantitative tool for tracking the evolution of the PSD, during a typical crystallisation process. 
However, when interpreting FBRM® data for a given process, the measurement interval employed, 
process kinetics and optical properties (see Mitchell et al., 2011a, for an estimation of the 
measurement volume of the FBRM®, incorporating effects of optical properties the paracetamol and 
ethanol solution system) of the solution system, should also be considered. 
 
8. Conclusions 
 
A numerical model has been successfully developed to describe the seeding process for the cooling 
crystallisation of paracetamol in ethanol solutions. The numerical model utilises the population 
balance equation and method of moments to describe the seeding process, accounting for primary 
and secondary nucleation, and subsequent crystal growth. The secondary nucleation rate was found 
to be dependent upon seed loading and size fraction of the seed crystals utilised. Secondary 
nucleation rates were observed to increase with seed surface area, supersaturation and agitation rate. 
However, the secondary nucleation rate was found to be independent of solution temperature. Seed 
loading has also been shown to have a significant effect on inhibiting the occurrence of secondary 
nucleation events. The mechanism of secondary nucleation was attributed to the detachment of 
irregular or dendrites from the surface of the added seed crystals, observed by previously for other 
solution systems. 
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Nomenclature 
 
Symbol     Description                                 Units 
B     Total Nucleation Rate                       #/kg s 
Bprim     Primary Nucleation Rate      #/m3 min 
Bsec     Secondary Nucleation Rate          #/kg s 
C     Concentration             kg/kg 
Cs     Seed Concentration         - 
D     Diffusivity               m2/s 
E     Secondary Nucleation Constant (Worlitschek's Expression)    - 
Ea     Activation Energy          J/kmol 
G     Growth Rate                m/s 
KN     Secondary Nucleation Rate Constant      - 
L     Particle Size                               µm 
Ls     Mean Mass Size of Seeds               µm 
Lsp     Mean Mass Size of Grown Seed              µm 
M     Molar Mass         kg/kmol 
N     Nucleation Rate (Worlitschek's Expression)        #/m3 s 
NA     Avogadro Constant          #/kmol 
Ne     Number of Experiments        - 
R     Gas Constant       J/kmol K 
Rm     Mean Residual         - 
S     Supersaturation Ratio         - 
Smexp     Experimental Supersaturation Ratio       - 
Smmod     Simulated Supersaturation Ratio       - 
T     Temperature                  0C 
 
c     Concentration       kg/kg / kmol/m3 
c*     Solubility       kg/kg / kmol/m3 
cc     Molar Density        kmol/m3 
cs     Solids Concentration                            kg 
∆c     Absolute Supersaturation       kmol/m3 
dm     Molecular Diameter       m 
g     Growth Rate Exponent        - 
k     Boltzmann Constant                J/K 
ka     Surface Area Shape Factor         - 
kn'     Primary Nucleation Rate Constant                             - 
kd     Mass Transfer Coefficient              m/s 
kg     Growth Rate Constant        m/s(m3/kmol)g 
kv     Volume Shape Factor         - 
n     Population Density              #/m4 
n     Primary Nucleation Order                   - 
nsec     Secondary Nucleation Order        - 
mj     jth Moment of Particle Size Distribution              mj 
t     Time                 min 
tm
end
     Duration of Experiment              min 
 
γsl     Solid-Liquid Interfacial Tension            J/m2 
pi     Pi           - 
ρc     Crystal Density            kg/m3 
      
     Subscripts 
 
o      Initial           - 
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Figure Captions: 
Figure 1: Seed chart for potassium-alum solution system (Kubota et al., 2001). 
Figure 2: Effect of increased volume percentage of newly generated secondary particles in final 
product volume based PSD. 
Figure 3: Effect of agitation rate on the height of the solute peak, 1517cm-1, for a constant 
concentration and temperature of 0.25kg/kg and 500C, respectively. 
(a)        (b) 
Figure 4: Measured CLD's from FBRM® for  seeded growth experiments, with seed loadings (a) 
above and (b) below the critical seed concentration, Cs*. Time of seed addition indicated by dashed 
lines. 
Figure 5: Effect of initial supersaturation on desupersaturation curve for a seed loading, size 
fraction and solution temperature of 1g, 125-250µm and 200C, respectively. 
Figure 6: Effect of initial concentration on the emergence of the secondary peak in the final product 
PSD.  
Figure 7: Effect of seed size fraction on the decay of the supersaturation curve for a solution 
temperature and seed loading of 200C and 1g, respectively. 
Figure 8: Effect of seed loading on the decay of the supersaturation curve for a solution 
temperature and seed size fraction of 200C and 125-250µm, respectively. 
Figure 9: Simulated change in volume percentage of newly generated secondary particles in 
crystallised solids a range of seed loadings. 
Figure 10: Effect of agitation rate on the desupersaturation curve for a seed loading, size fraction 
and solution temperature of 1g, 125-250µm and 200C, respectively. 
Figure 11: Repeatability of the desupersaturation curves for experiments S03 and S03_R. 
Figure 12: Repeatability of the experimental final product PSD's for experiments S03 and S03_R. 
Figure 13: Simulated primary and secondary nucleation rates and supersaturation ratio over the 
course of experiment number S03. 
Figure 14: Simulated versus measured final product PSD's for experiments numbers (a) S03 (b) S06 
and (c) S09. 
Figure 15: SEM image of product crystals from experiment S07, showing irregular growth on 
surface of crystals.  
(a)      (b) 
Figure 16: FBRM® CLD plots for experiments (a) S03 and (b) S03R, were measurement intervals of 
30 and 15 seconds, respectively. Time of seed addition indicated by dashed lines. 
 
 
